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Abstract
The analytical expressions and the numerical values of the renormalisation constants
of dimension 3 static-light currents are given at one-loop order of perturbation theory
in the framework of Heavy Quark Effective Theory and with an improved gauge
action: the static quark is described by the HYP-smeared action and the light quark
is of Wilson kind. This completes a work started few years ago and is actually an
intermediate step in the measurement of the decay constants fB and fBs by the
European Twisted Mass Collaboration [arXiv:1107.1441[hep-lat]].
PACS: 12.38.Gc (Lattice QCD calculations), 12.39.Hg (Heavy quark effective theory), 13.20.He (Lep-
tonic/semileptonic decays of bottom mesons).
In this report we present an extension of the work presented in [1] and [2]. It is an interme-
diate step in the extraction of f statB(s) with twisted-mass fermions through Φ ≡ f statB(s)
√
mB(s) =
ZstatS c1 + Z
stat
P c5, with c1 = i〈0|ψ¯hχl|B〉 and c5 = 〈0|ψ¯hγ5χl|B〉 [3]. The notations we have
used here follow quite closely those of [1], [2] and references therein. In the following ex-
pressions A = Aplaq + A′ obtained in perturbation theory, Aplaq refers to the contribution
of the plaquette action and A′ refers to the contribution of the improved part of the gluon
action; both are themselves expansions in the Clover parameter cSW . αi stand for the set
of parameters defining the kind of HYP-smeared static quark action [4], [5], while the ci are
parameters of the improved gauge action we consider. Both αi and ci are kept generic. Our
purpose is to compute with those different actions the lattice contribution CΓlat entering the
renormalisation constant ZΓ(1/a) =
[
1− αs0(a)
4pi
CF
(
CΓlat − CΓDR
)]
.
We recall that the static quark self-energy expressed at the first order of perturbation
theory is given by Σ(p) = −(F1 + F2), where F1 and F2 have the following expressions:
F1 ≡ − g
2
0
12π2
[(
fplaq1 (αi) + f
′
1(αi, ci)
)
/a + ip4
(
2 ln(a2λ2) + fplaq2 (αi) + f
′
2(αi, ci)
)]
, (1)
F2 ≡ − g
2
0
12π2
(
1/a− ip4
)(
fplaq3 (αi) + f
′
3(αi, ci)
)
. (2)
λ is the infrared regulator of the gluon propagator. The linearly divergent part in 1/a of
the self-energy is given by
Σ0 =
g20
12π2a
σ0, σ0 = f
plaq
1 (αi) + f
′
1(αi, ci) + f
plaq
3 (αi) + f
′
3(αi, ci), (3)
while the wave function renormalization Z2h reads
Z2h = 1 +
g20
12π2
(
− 2 ln(a2λ2) + z2h
)
, (4)
z2h = f
plaq
3 (αi) + f
′
3(αi, ci)− (fplaq2 (αi) + f ′2(αi, ci)). (5)
The analytical expressions of fi have been derived in [6] and [7], the one of f
′
i in [2]. At
one loop of perturbation theory, the static-light amputated vertex VhΓl ≡ 〈h¯Γψl〉amput is
given by VhΓl = Γ + δVhΓl, where the correction to the tree level term reads
δVhΓl = δV
plaq
hΓl + δV
′
hΓl,
δV plaqhΓl = δV
(0),plaq
hΓl + cSW δV
(1),plaq
hΓl ,
δV
(0),plaq
hΓl =
g20
12π2
(− ln(a2λ2) + d(0),plaq1 (αi) +Gd(0),plaq2 (αi))Γ, (6)
δV
(1),plaq
hΓl =
g20
12π2
d
(1),plaq
2 (αi)GΓ. (7)
The analytical expression of d
(j),plaq
i have been derived in [8] - [10] and [1] (d
(1),plaq
2 was
noted −dI in those references). The novelty here is the expressions of δV ′hΓl:
δV ′hΓl = δV
′(0)
hΓl + cSW δV
′(1)
hΓl ,
δV
′(0)
hΓl =
g20
12π2
(d
′(0)
1 (αi, ci) +Gd
′(0)
2 (αi, ci))Γ, (8)
d
′(0)
1 = 16π
2
∫
k
1
Γ2 +W 2
{
D4(K
0 + 4N24K
′
4)
(
M24 +
W
2
)
+
∑
j
N2j
[(
M2j +
W
2
)(
A′j(K
0 + 4N2jK
′
j) + 4D4L4j + 4
∑
i
A′iN
2
i Lij
)]}
,
(9)
d
′(0)
2 = −16π2
∫
k
D4WM4K
0
2iN4 + ǫM4
1
Γ2 +W 2
, (10)
2
δV
′(1)
hΓl =
g20
12π2
d
′(1)
2 (αi, ci)GΓ, (11)
d
′(1)
2 = 16π
2
∫
k
D4M4K
0
2
~Γ2
2iN4 + ǫM4
1
Γ2 +W 2
. (12)
Finally the formula of CΓlat reads
CΓlat =
z2h + z2l
2
+ d1 +Gd2 . (13)
We have collected the numerical values of z2h, z2l, d1, d2 and C
Γ
lat in Table 1 for the different
HQET and improved gauge actions. Our main result, in addition to CΓlat, concerns the
“Reduced” renormalisation constant ZRΓ (1/a):
ZRΓ (1/a) =
[
1− αs0(a)
4π
CF
(
∆Γ − σ0
2
)]
, ∆Γ = C
Γ
lat − CΓDR , CΓDR =
5
4
. (14)
Subtracting the divergent term of the static quark self energy is perform by imposing
that the renormalised B-meson 2-pt correlator is independent of the cut-off a → 0 [6]: it
changes ZΓ into Z
R
Γ = ZΓ
√(
1 + a δm
Z2h
)
, with the renormalisation condition δm = Σ0, and
gives eq.(14) at first order of perturbation theory. It explains why ZRΓ is preferred to ZΓ
in numerical applications. To compute f statBs [12], the ETM Collaboration has hence used
ZRP (1/a,TlSym,HYP2) = 1−
αs0(a)
4π
× 9.05 , (15)
ZRS (1/a,TlSym,HYP2) = 1−
αs0(a)
4π
× 4.00 . (16)
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αi = 0 HYP1 HYP2
fplaq1 7.72 1.64 −1.77
f ′1(tlSym) −0.56 −0.14 0.65
f ′1(Iwa) −2.23 −0.50 1.17
fplaq2 −12.25 1.60 9.58
f ′2(tlSym) −8.01 −0.67 −1.87
f ′2(Iwa) −19.30 −1.05 −4.10
fplaq3 12.23 4.12 5.96
f ′3(tlSym) −2.10 −0.14 −0.83
f ′3(Iwa) −4.75 −0.35 −1.70
σ0(plaq) 19.95 5.76 4.20
σ0(tlSym) 17.29 5.48 4.01
σ0(Iwa) 12.99 4.91 3.67
αi = 0 HYP1 HYP2
d
(0),plaq
1 5.46 4.99 4.72
d
′(0)
1 (TlSym) -0.23 -0.17 -0.14
d
′(0)
1 (Iwa) -0.48 -0.32 -0.25
d
(0),plaq
2 -7.22 -3.70 -1.87
d
′(0)
2 (TlSym) 0.85 0.26 -0.02
d
′(0)
2 (Iwa) 2.26 0.74 0.01
d
(1),plaq
2 4.14 2.80 1.99
d
′(1)
2 (TlSym) -0.31 -0.13 -0.03
d
′(1)
2 (Iwa) -0.88 -0.40 -0.13
Wilson TlSym Iwa
z
(0)
2l 13.35 9.73 4.83
z
(1)
2l -2.25 -2.02 -1.60
z
(2)
2l -1.40 -1.24 -0.97
z2h(EH) 24.48 30.39 39.03
z2h(HYP1) 2.52 3.05 3.23
z2h(HYP2) -3.62 -2.59 -1.22
αi = 0 HYP1 HYP2
∆P (Wilson) 30.35 15.37 10.20
∆P (Wilson− Clover) 24.39 10.75 6.39
∆P (TlSym) 30.42 13.40 8.79
∆P (Iwa) 30.63 10.41 6.89
∆P (Iwa − Clover) 26.08 6.72 3.74
∆S(Wilson) 15.90 7.98 6.45
∆S(Wilson− Clover) 18.22 8.96 6.23
∆S(TlSym) 17.67 6.53 5.01
∆S(Iwa) 20.70 4.49 3.16
∆S(Iwa − Clover) 22.68 5.61 3.73
∆RP (Wilson) 20.38 12.49 8.10
∆RP (Wilson− Clover) 14.41 7.87 4.29
∆RP (TlSym) 21.77 10.66 6.79
∆RP (Iwa) 24.14 7.95 5.05
∆RP (Iwa − Clover) 19.59 4.26 1.90
∆RS (Wilson) 5.93 5.10 4.36
∆RS (Wilson− Clover) 8.25 6.08 4.53
∆RS (TlSym) 9.02 3.79 3.00
∆RS (Iwa) 14.21 2.04 1.32
∆RS (Iwa− Clover) 16.19 3.15 1.90
Table 1: Numerical values of the various constants entering the matching factors ZΓ(1/a) =(
1− αs0(a)
4pi
CF∆Γ
)
, ∆Γ = C
Γ
lat − CΓDR and ZRΓ (1/a) =
(
1− αs0(a)
4pi
CF∆
R
Γ
)
with ∆RΓ = ∆Γ −
σ0
2
. For Clover actions we took the tree level value of cSW = 1. Numerical values of z
(i)
2l
come from [11] and references therein.
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